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ON SOME STRONGLY REGULAR RELATIONS ON
HYPERRINGS
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Abstract. In this paper first by the fact that the relation α∗
is the transitive closure of two its subrelations we introduce and
analyze a binary relation λ∗
e
on a hyperring such that the derived
ring is a unitary ring. Next we introduce and study the notion of
λe-parts in a hyperring and we characterize λe-parts in a λe-strong
hyperring R. Finally we introduce a new relation Λ∗ such that its
derived ring be a unitary commutative ring.
hyperring and strongly regular relation and complete parts
MSC(2010): 20N20
1. Introduction
A hypergroupoid (H, ◦) is a non-empty set H together with a hy-
peroperation ◦ defined on H , that is a mapping of H × H into the
family of non-empty subsets of H . If (x, y) ∈ H ×H , its image under
◦ is denoted by x ◦ y and for simplicity by xy. If A, B are non-empty
subsets of H then A ◦ B is given by A ◦ B =
⋃
{xy | x ∈ A, y ∈ B}.
x◦A is used for {x}◦A (respectively A◦x). A hypergroupoid (H, ◦) is
called a hypergroup in the sense of [8] if for all x, y, z ∈ H the following
two conditions hold: (i) x(yz) = (xy)z, (ii) xH = Hx = H , means that
for any x, y ∈ H there exist u, v ∈ H such that y ∈ xu and y ∈ vx. If
(H, ◦) satisfies only the first axiom, then it is called a semi-hypergroup.
An exhaustive review updated to 1992 of hypergroup theory appears
in [1]. A recent book [2] contains a wealth of applications. If (H, ◦) is
a semi-hypergroup (respectively hypergroup) and R ⊆ H × H is an
equivalence, we set
A
=
R B ⇔ a R b, ∀a ∈ A, ∀b ∈ B,
for all pairs (A,B) of non-empty subsets of H .
1
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The relation R is called strongly regular on the left ( on the right)
if x R y ⇒ a ◦ x
=
R a ◦ y ( x R y ⇒ x ◦ a
=
R y ◦ a respectively), for all
(x, y, a) ∈ H3. Moreover, R is called strongly regular if it is strongly
regular on the right and on the left.
If (H, ◦) is a semi-hypergroup (respectively hypergroup) and R is
strongly regular, then the quotient H/R is a semigroup (respectively
group) under the operation:
R(x)⊗ R(y) = R(z), ∀z ∈ x ◦ y,
where R(a) is the equivalence class of a ∈ H .
For every n ∈ N, the relation βn define as follows
∀(x, y) ∈ H2, x β y ⇐⇒ ∃(z1, z2, · · · , zn) ∈ H
n, {x, y} ⊆
n∏
i=1
zi.
Moreover, one puts β1 = {(x, x) | x ∈ H} and β =
⋃
n∈N
βn. It is known
that in every hypergroup β = β∗ [6].
In general, if R is a relation of equivalence on a set A, then ∀S ∈
P ∗(A), we shall put R(S) =
⋃
x∈S
R(x).
An element e of a hypergroup H is called an identity if a ∈ a◦e∩e◦a
for all a ∈ H . An element u of a hypergroupH is called a scalar identity
if u ◦ x = x ◦ u = {x} for all x ∈ H .
A hyperring (see [11]) is a triple (R,+, ·) which satisfies the ring-like
axioms in the following way:(i) (R,+) is a hypergroup , (ii) (R, ·) is
a semi-hypergroup, (iii) the multiplication is distributive with respect
to the hyperoperation +. The hyperrings have been studied by many
authors, for example see [3, 4, 6, 7, 11, 13]. In [12] Vougiouklis defines
the relation Γ on hyperring as follows: xΓy if and only if x, y ⊆ u,
where u is a finite sum of finite products of elements of R, in fact there
exist n, ki ∈ N and xij ∈ R such that u =
n∑
i=1
ki∏
j=1
xij . He proved that
the quotient R/Γ∗, where Γ∗ is the transitive closure of Γ, is a ring and
also Γ∗ is the smallest equivalent relation on R such that the quotient
R/Γ∗ is a fundamental ring. Both ⊕ and ⊙ on R/Γ∗ are defined as
follow:
∀z ∈ Γ∗(x) + Γ∗(y), Γ∗(x)⊕ Γ∗(y) = Γ∗(z);
∀z ∈ Γ∗(x) · Γ∗(y), Γ∗(x)⊙ Γ∗(y) = Γ∗(z).
The commutativity in addition in rings can be related with the exis-
tence of the unit in multiplication. If e is the unit in a ring, then for
all elements a, b we have
(a + b)(e+ e) = (a+ b)e + (a+ b)e = a+ b+ a+ b,
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(a+ b)(e + e) = a(e+ e) + b(e+ e) = a+ a + b+ b.
So a+b+a+b = a+a+b+b gives b+a = a+b. Therefore, when we say
(R,+, .) is a hyperring, (+) is not commutative and there is no unit in
the multiplication. So The commutativity, as well as the existence of
the unit, is not assumed in the fundamental ring. Of course, we know
there exist many rings (+ is commutative) that don’t have unit.
Davvaz and Vougiouklis (2007) introduced α as a new strongly reg-
ular equivalence relation on a hyperring such that the set of quotients
is an ordinary commutative ring. In this paper first we show that the
relation α∗ produce with two subrelations and then we introduce and
analyze some new binary relations λ∗e and Λ
∗ on hyperrings such that
the derived rings are unitary and unitary commutative. We also inves-
tigate λe-parts on hyperrings. We recall the following definition from
Davvaz and Vougiouklis (2007) (see [5]).
Definition 1.1. If R is a hyperring, we set
α0 = {(x, x) | x ∈ R}
and, for every integer n ≥ 1, αn is the relation defined as
xαny ⇐⇒ ∃(k1, k2, · · · , kn) ∈ N
n, ∃σ ∈ Sn and
[∃(xi1, · · · , xiki) ∈ R
ki, ∃σi ∈ Ski, (i = 1, · · · , n)] such that
x ∈
n∑
i=1
ki∏
j=1
x
ij
and y ∈
n∑
i=1
Aσ(i),
where Ai =
ki∏
j=1
xiσi(j).
Obviously, for every n ≥ 1, the relation αn are symmetric, and the
relation α =
⋃
n≥0
αn is reflexive and symmetric.
Theorem 1.2. (See [5])
(1) α∗ is a strongly regular relation both on (R,+) and (R, .).
(2) The quotient R/α∗ is a commutative ring.
(3) The relation α∗ is the smallest equivalence relation such that the
quotient R/α∗ is a commutative ring.
Note that the relation α in the Definition 1.1 consists of two relations
α+ and α× as follows:
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(1) x α+ y ⇔ ∃n ∈ N, ∃(k1, · · · , kn) ∈ N
n, ∃σ ∈ Sn,
x ∈
n∑
i=1
ki∏
j=1
x
ij
and y ∈
n∑
i=1
Aσ(i),
where Ai =
ki∏
j=1
xij . In fact, if in Definition 1.1 we set σi = id, then we
obtain α+.
(2) x α× y ⇔ ∃n ∈ N, ∃(k1, · · · , kn) ∈ N
n, and ∀i = 1, · · · , n
∃(xi1, · · · , xiki), ∃σi ∈ Ski such that x ∈
n∑
i=1
ki∏
j=1
x
ij
and y ∈
n∑
i=1
Ai,
where Ai =
ki∏
j=1
xiσi(j). In fact, if in Definition 1.1 we set σ = id, then
we obtain α×.
Corollary 1.3. α∗
+
and α∗
×
are strongly regular relations both on (R,+)
and (R, ·).
Proposition 1.4. Let (H, ◦) be a semi-hypergroup and the strongly
regular relations R and S on H be given. Then (R∪S)∗ (the transitive
closure of R ∪ S) is strongly regular.
Proof. Suppose that x and y in H such that x(R∪ S)∗y are given. We
show that for all a ∈ H , a ◦ x(R ∪ S)∗a ◦ y. For this reason let the
arbitrary elements s ∈ a ◦ x and t ∈ a ◦ y be given. By x(R ∪ S)∗y,
there exist z1, · · · , zn in H such that
x(R ∪ S)z1(R ∪ S)z2 · · · (R ∪ S)zn(R ∪ S)y.
Since R and S are strongly regular, we have
a ◦ x(R ∪ S)a ◦ z1(R ∪ S)a ◦ z2 · · · (R ∪ S)a ◦ zn(R ∪ S)a ◦ y.
Therefore for all i ∈ {1, · · · , n} and li ∈ a ◦ zi, we have
s(R ∪ S)l1(R ∪ S)l2 · · · (R ∪ S)ln(R ∪ S)t.
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So s(R∪S)∗t and hence (R∪S)∗ is strongly regular to the left. Similarly
we can show that (R∪S)∗ is strongly regular to the right and the proof
is complete. 
In the following we show that α
×
and α
+
have the important role
and we can produce α∗ with them.
Definition 1.5. Suppose that R is a hyperring. Define relation α
∪
as
follows:
α
∪
= α
×
∪ α
+
.
Proposition 1.6. The quotient R/α∗
∪
is a commutative ring.
Proof. We define ⊕ and ⊗ on R/α∗
∪
as follows:
α∗
∪
(a)⊕ α∗
∪
(b) = α∗
∪
(c), c ∈ α∗
∪
(a) + α∗
∪
(b),
α∗
∪
(a)⊗ α∗
∪
(b) = α∗
∪
(c), c ∈ α∗
∪
(a) · α∗
∪
(b).
By Proposition 1.4 and Corollary 1.3 we have α∗
∪
is a strongly regular
both on (R,+) and (R, ·). Therefore ⊕ and ⊗ are well defined. The
associativity and distributivity on R guarantee that the associativity
and distributivity are valid for R/α∗
∪
. Let x ∈ x1+x2 and y ∈ x2+x1 be
given. Put n = 2, x11 = x1, x21 = x2, k1 = k2 = 1 and σ = (1 2) ∈ S2.
We have
2∑
i=1
ki∏
j=1
x
ij
= x11+x12 = x1+x2 and
2∑
i=1
kσ(i)∏
j=1
x
σ(i)j
= x
σ(1)1
+x
σ(2)1
= x2+x1.
Therefore x ∈
2∑
i=1
ki∏
j=1
x
ij
and y ∈
2∑
i=1
kσ(i)∏
j=1
x
σ(i)j
. Thus x α
+
y and hence
x α∗
∪
y. So
α∗
∪
(x1)⊕ α
∗
∪
(x2) = α
∗
∪
(x) = α∗
∪
(y) = α∗
∪
(x2)⊕ α
∗
∪
(x1).
Let a ∈ x1 · x2 and b ∈ x2 · x1 be given. Put n = 1, x11 = x1, x12 = x2,
k1 = 2, σ1 = (1 2) ∈ S2. We have
1∑
i=1
k1∏
j=1
x
ij
= x11 · x12 = x1 · x2 and
1∑
i=1
k1∏
j=1
x
iσi(j)
= x12 · x11 = x2 · x1.
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Thus a ∈
1∑
i=1
k1∏
j=1
x
ij
and b ∈
1∑
i=1
k1∏
j=1
x
iσi(j)
. Therefore a α
×
b and hence
a α∗
∪
b. So
α∗
∪
(x1)⊗ α
∗
∪
(x2) = α
∗
∪
(a) = α∗
∪
(b) = α∗
∪
(x2)⊗ α
∗
∪
(x1).
Therefore R/α∗
∪
is a commutative ring. 
Corollary 1.7. If R is a hyperring, then α∗ = α∗
∪
= (α
×
∪ α
+
)∗.
Proof. Since α
∪
⊆ α, α∗
∪
⊆ α∗. By Theorem 1.2(3), we get α∗ ⊆ α∗
∪
.
Therefore α∗ = α∗
∪
. 
Definition 1.8. (See [9]) A hyperring R is said to be n-complete if for
all (k1, · · · , kn) ∈ N
n and for all i = 1, · · · , n and (xi1, · · · , xiki) ∈ R
ki,
then
Γ
( n∑
i=1
ki∏
j=1
x
ij
)
=
n∑
i=1
ki∏
j=1
x
ij
.
2. The relation λ∗e
In this section by replacement a suitable relation λe× instead of α×
in the Definition 1.5 we introduce the relation λe to determine a new
characterization of the derived hyperring.
Definition 2.1. Suppose that (R,+, .) is a hyperring and e ∈ R. We
say that the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in condition Pe
whenever one of the following occur
(1) ∀i ∈ {1, · · · , m}, ki = k
′
i and ∀j ∈ {1, · · · , ki}, xij = yij;
(2) there exist i1, · · · id ∈ {1, · · · , m} such that
• ∀16i6m such that i /∈ {i1, · · · , id} and ∀16t6k
′
i we have ki = k
′
i
and x
it
= y
it
;
• ∀16j6d there exist pij and lij in N such that 16pij6k
′
ij
, pij6lij6k
′
ij
and k′ij = kij + (lij − pij + 1)
• ∀16j6d we have
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(2.1) y
ij t
:
def
=


x
ij t
, if 16t < pij ;
e, if pij6t6lij ;
x
ij (t+pij
−lij
−1)
, if lij < t6k
′
ij
.
Definition 2.2. Suppose that the hyperring R and e ∈ R are given.
For all m>1, define:
ℜem :=
{( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
,
( m∑
i=1
k′i∏
t=1
y
it
,
m∑
i=1
ki∏
j=1
x
ij
)
| the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the condition Pe
}
;
and ℜe :=
⋃
m>1
ℜem.
Definition 2.3. If (R,+, ·) is a hyperring, then for every integerm ≥ 1
we set
x (λe×)m y ⇔ ∃(A,B) ∈ ℜ
e
m such that x ∈ A and y ∈ B.
The relation λe× =
⋃
m≥1
(λe×)m is reflexive and transitive.
Let (λe×)
∗ be the transitive closure of λe×. Then we have the following.
Proposition 2.4. If R is a hyperring, then (λe×)m ⊆ (λ
e
×)m+1.
Proof. If x (λe×)m y, then there exists (A,B) ∈ ℜ
e
m such that x ∈ A and
y ∈ B. Without lose the generality suppose that A =
m∑
i=1
ki∏
j=1
x
ij
and
y =
m∑
i=1
k′i∏
t=1
y
it
. Since (R,+) is a hypergroup, so there exist u, w ∈ R
such that xmkm = u+ w. Therefore
m∑
i=1
ki∏
j=1
x
ij
= (x11 · · ·x1k1) + · · ·+ (x(m−1)1 · · ·x(m−1)k(m−1))+
(xm1 · · ·xm(km−1)u) + (xm1 · · ·xm(km−1)w).
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Let km+1 :
def
= km and
x′ij :
def
=


xij , if 16i6m− 1, 16j6ki;
xmj , if i = m, 16j6km − 1;
u, if i = m, j = km;
xmj , if i = m+ 1, 16j6k(m+1) − 1;
w, if i = m+ 1, j = km+1.
Also define y′it from yit as above. So
x ∈
m+1∑
i=1
ki∏
j=1
x′
ij
and y ∈
m+1∑
i=1
k′i∏
t=1
y′
it
,
where
(m+1∑
i=1
ki∏
j=1
x′
ij
,
m+1∑
i=1
k′i∏
t=1
y′
it
)
∈ ℜem+1. Therefore x (λ
e
×)m+1 y. 
Lemma 2.5. (λe×)
∗ is a strongly regular relation both on (R,+) and
(R, ·).
Proof. We can see that (λe×)
∗ is an equivalence relation. In order to
prove that it is strongly regular, we show that if x λe× y then

x+ a λe× y + a, a+ x λ
e
× a+ y;
x · a λe× y · a, a · x λ
e
× a · y.
for every a ∈ R. If x λe× y, then there exists (A,B) ∈ ℜ
e such that
x ∈ A and y ∈ B. So there exists m>1 such that A =
m∑
i=1
ki∏
j=1
x
ij
,
B =
m∑
i=1
k′i∏
t=1
y
it
and the pair (A,B) satisfying in the condition Pe.
Thus
x+ a ⊆
( m∑
i=1
ki∏
j=1
x
ij
)
+ a and y + a ⊆
( m∑
i=1
k′i∏
t=1
y
it
)
+ a.
Now, let km+1 = 1, k
′
m+1 = 1, x(m+1)1 = a, y(m+1)1 = a. So
x+ a ⊆
m+1∑
i=1
ki∏
j=1
x
ij
and y + a ⊆
m+1∑
i=1
k′i∏
t=1
y
it
.
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Therefore
(m+1∑
i=1
ki∏
j=1
x
ij
,
m+1∑
i=1
k′i∏
t=1
y
it
)
∈ ℜem+1. This implies that (A +
a, B + a) ∈ ℜe.
Therefore for all u ∈ x + a and v ∈ y + a, we have u λe× v. Thus
x+ a λe× y + a. Similarly we can show that a+ x λ
e
× a+ y.
Now we prove that (λe×)
∗ is a strongly regular relation on (R, ·).
If x λe× y, then there exists (A,B) ∈ ℜ
e such that x ∈ A and y ∈ B.
Therefore there exists m>1 such that A =
m∑
i=1
ki∏
j=1
x
ij
, B =
m∑
i=1
k′i∏
t=1
y
it
and the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the condition Pe.
Thus
x · a ⊆
( m∑
i=1
ki∏
j=1
x
ij
)
· a and y · a ⊆
( m∑
i=1
k′i∏
t=1
y
it
)
· a.
Now let for all 16i6m, ti = ki + 1, t
′
i = k
′
i + 1, xiti = a and yit′i = a.
So
x · a ⊆
m∑
i=1
ti∏
j=1
x
ij
and y · a ⊆
m∑
i=1
t′i∏
t=1
y
it
,
and
( m∑
i=1
ti∏
j=1
x
ij
,
m∑
i=1
t′i∏
t=1
y
it
)
∈ ℜem. This implies that (A · a, B · a) ∈ ℜ
e.
Therefore for all u ∈ x·a and v ∈ y ·a, we have u λe× v. Thus x·a λ
e
× y ·a.
Similarly we can show that a · x λe× a.y.

Definition 2.6. Suppose that R is a hyperring. Define relation λe as
follows:
λe = λ
e
× ∪ α+ .
Obviously, the relation λe is reflexive and symmetric. Let λ
∗
e be the
transitive closure of λe. We have the following proposition.
Proposition 2.7. λ∗e is a strongly regular relation both on (R,+) and
(R, ·).
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Proof. The proof follows from Proposition 1.4, Corollary 1.3 and Lemma 2.5.

Theorem 2.8. The quotient R/λ∗e is a ring with identity λ
∗
e(e).
Proof. By Proposition 2.7 we conclude that R/λ∗e is a ring with the
following operations:
λ∗e(a)⊕ λ
∗
e(b) = λ
∗
e(c), where c ∈ λ
∗
e(a) + λ
∗
e(b);
λ∗e(a)⊗ λ
∗
e(b) = λ
∗
e(d), where d ∈ λ
∗
e(a) · λ
∗
e(b).
We prove that λ∗e(e) is the identity of the ring R/λ
∗
e. By Defini-
tion 2.2, for all x ∈ R we have (x, xe) and (x, ex) are in ℜe1. So, for
all y ∈ xe ∪ ex, x λe× y and hence λ
∗
e(x) = λ
∗
e(y). Now suppose that
z ∈ λ∗e(x) · λ
∗
e(e), so there exist a ∈ λ
∗
e(x) and b ∈ λ
∗
e(e) such that
z ∈ ab. Thus we have
a = x1 λe x2 λe ... λe xn = x and b = y1 λe y2 λe ... λe ym = e.
Therefore
ab = x1b λe x2b λe ... λe xnb = xb and xb = xy1 λe xy2 λe ... λe xym = xe
and so, for all y ∈ xe we have z λe y. Thus λ
∗
e(z) = λ
∗
e(y) = λ
∗
e(x) and
hence λ∗e(x) ⊗ λ
∗
e(e) = λ
∗
e(x). Similarly we can prove λ
∗
e(e) ⊗ λ
∗
e(x) =
λ∗e(x). Hence λ
∗
e(e) is the identity element of the ring R/λ
∗
e. 
Theorem 2.9. The relation λ∗e is the smallest equivalence relation such
that the quotient R/λ∗e is a ring with identity, λ
∗
e(e).
Proof. Let µ be an equivalence relation on R such that R/µ is a ring
with identity µ(e) = λ∗e(e) and let φ : R
// R/µ be canonical pro-
jection. Suppose that x λe y. Thus we have two cases.
case 1. x α+ y, so there exists σ ∈ Sn such that
x ∈
n∑
i=1
ki∏
j=1
x
ij
and y ∈
n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
.
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So φ(x) =
n⊕
i=1
( ki⊗
j=1
µ(x
ij
)
)
and φ(y) =
n⊕
i=1
( kσ(i)⊗
j=1
µ(x
σ(i)j
)
)
. By commu-
tativity of the group (R/µ,
⊕
), it follows that φ(x) = φ(y) and hence
x µ y.
case 2. x λe× y, so there exists (A,B) ∈ ℜ
e such that x ∈ A and
y ∈ B. Thus there existsm>1 such that A =
m∑
i=1
ki∏
j=1
x
ij
, B =
m∑
i=1
k′i∏
t=1
y
it
and the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the condition Pe. If
(A,B) satisfies in part (1) of Definition 2.1, then x µ y. If (A,B)
satisfies in part (2) of Definition 2.1, then we have
k1⊗
j=1
µ(x1j)
⊕
...
⊕ ki1⊗
j=1
µ(xi1j) ...
⊕ kid⊗
j=1
µ(xidj)
⊕
...
⊕ km⊗
j=1
µ(xmj)
k′1⊗
t=1
µ(y1t)
⊕
...
⊕ k′i1⊗
t=1
µ(yi1t) ...
⊕ k′id⊗
t=1
µ(yidt)
⊕
...
⊕ k′m⊗
t=1
µ(ymt).
By Definition 2.1 for each 16n6d, we have
kin⊗
j=1
µ(xinj) =
k′in⊗
t=1
µ(yint).
Therefore φ(x) = φ(y) and hence x µ y. Thus x λe y implies that
x µ y. Finally, let x λ∗e y. Since µ is transitively closed, we obtain
x ∈ λ∗e(y)⇒ x ∈ µ(y).
Therefore λ∗e ⊆ µ.

3. Transitivity conditions of λe
In this section, we state the conditions that are equivalent to the
transitivity of the relation λe.
Definition 3.1. Let M be a non-empty subset of hyperring R. We
say that M is a λe-part if
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(P1) for every n ∈ N, i = 1, ..., n, ∀ki ∈ N, ∀σ ∈ Sn, we have
n∑
i=1
ki∏
j=1
x
ij
⋂
M 6= ∅ =⇒
n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
⊆ M,
(P2) for every m ∈ N, i = 1, ..., m, ∀ki ∈ N, we have
m∑
i=1
ki∏
j=1
x
ij
⋂
M 6= ∅ =⇒
m∑
i=1
k′i∏
t=1
y
it
⊆ M,
whenever the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the condition
Pe.
Proposition 3.2. Let M be a non-empty subset of hyperring R. The
following conditions are equivalent:
(1) M is a λe-part of R;
(2) x ∈M, xλey ⇒ y ∈M ;
(3) x ∈M, xλ∗ey ⇒ y ∈M .
Proof. (1 =⇒ 2): If (x, y) ∈ R2 is a pair such that x ∈ M and xλey,
then we have two cases.
case 1: xα+y, then there exists n ∈ N and there exists σ ∈ Sn such
that x ∈
n∑
i=1
ki∏
j=1
x
ij
and y ∈
n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
. Since M is a λe-part, by
Definition 3.1(P1), we have
n∑
i=1
ki∏
j=1
x
σ(i)j
⊆ M and y ∈M .
case 2: xλe×y.
Then there exists the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the
condition Pe such that x ∈
m∑
i=1
ki∏
j=1
x
ij
and y ∈
m∑
i=1
k′i∏
t=1
y
it
. Since M is
a λe-part, by Definition 3.1(P2), we have
m∑
i=1
k′i∏
t=1
y
it
⊆ M and y ∈M .
(2 =⇒ 3): Let x ∈ M and xλ∗ey be given. Obviously, there exist
m ∈ N and (x = w0, w1, ..., wm−1, wm = y) ∈ R
m+1 such that x =
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w0λew1λe...λewm−1λewm = y. Since x ∈ M we obtain y ∈ M , by
applying (2) m times.
(3 =⇒ 1): First let
n∑
i=1
ki∏
j=1
x
ij
⋂
M 6= ∅, and x ∈
n∑
i=1
ki∏
j=1
x
ij
⋂
M .
For every σ ∈ Sn and for every y ∈
n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
we have x α+ y
and hence x λe y. Thus x ∈ M and xλ
∗
ey and so by (3) we obtain
y ∈ M , where
n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
⊆ M . Now let
m∑
i=1
ki∏
j=1
x
ij
⋂
M 6= ∅, and
x ∈
m∑
i=1
ki∏
j=1
x
ij
⋂
M . For every y ∈
m∑
i=1
k′i∏
t=1
y
it
we have xλe×y and hence
x λe y. Similarly by the above we have y ∈M and the proof is complete.

Before proving the next theorem, we introduce the following nota-
tions.
Notation 3.3. For every element x of a hyperring R, set:
(N1) Tn(x) =
{ n∑
i=1
ki∏
j=1
x
ij
| x ∈
n∑
i=1
ki∏
j=1
x
ij
}
;
(N2) P α+n (x) =
⋃
n>1
{ n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
| σ ∈ Sn,
n∑
i=1
ki∏
j=1
x
ij
∈ Tn(x)
}
;
(N3) P
λe
×
m (x) =
⋃
m>1
{ m∑
i=1
k′i∏
t=1
y
it
|
m∑
i=1
ki∏
j=1
x
ij
∈ Tm(x) and the pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the condition Pe
}
;
(N4) P (x) = [
⋃
n>1
P α+n (x)]
⋃
[
⋃
m>1
P
λe
×
m (x)].
From the above notations and definitions, we obtain:
Lemma 3.4. For every x ∈ R, P (x) = {y ∈ R | xλey}.
14 S. SH. MOUSAVI
Proof. It is easy to see that P (x) ⊆ {y ∈ R | xλey}. For every pair
(x, y) of elements of R we have:
xα+y ⇔ ∃n ∈ N, ∃σ ∈ Sn : x ∈
n∑
i=1
ki∏
j=1
x
ij
and y ∈
n∑
i=1
kσ(i)∏
j=1
x
σ(i)j
⇔ ∃n ∈ N, y ∈ P α+n (x)
⇒ y ∈ P (x),
and
xλe×y ⇔ ∃m ∈ N, x ∈
m∑
i=1
ki∏
j=1
x
ij
and y ∈
m∑
i=1
k′i∏
t=1
y
it
such that the
pair
( m∑
i=1
ki∏
j=1
x
ij
,
m∑
i=1
k′i∏
t=1
y
it
)
satisfying in the condition Pe
⇔ ∃m ∈ N, y ∈ Pm(x)
⇒ y ∈ P (x).

Lemma 3.5. Suppose that R is a hyperring and M is a λe-part of R.
If x ∈M , then P (x) ⊆ M .
Proof. The proof follows from Lemma 3.4. 
Theorem 3.6. Suppose that R is a hyperring. Then the following
conditions are equivalent:
(1) λe is transitive;
(2) for every x ∈ R, λ∗e(x) = P(x);
(3) for every x ∈ R, P(x) is a λe-part of R.
Proof. (1 =⇒ 2): By Lemma 3.4, for every pair (x, y) of elements of R
we have:
y ∈ λ∗e(x)⇔ xλ
∗
ey ⇔ xλey ⇔ y ∈ P (x).
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(2 =⇒ 3): IfM is a non-empty subset of R, thenM is an λe-part of R
if and only if it is a union of equivalence classes modulo λ∗e. Particulary,
every equivalence class modulo λ∗e is a λe-part.
(3 =⇒ 1): If xλey and yλez, then by Lemma 3.4, we have x ∈ P (y)
and y ∈ P (z). Since P (z) is a λe-part, by Lemma 3.5, we obtain
P (y) ⊆ P (z). Thus x ∈ P (z) and hence by Lemma 3.4, we have xλez.
Therefore λe is transitive. 
4. λe-strong hyperring and a characterization of a
derived λe-strong hyperring
Definition 4.1. Suppose that (R,+, ·) is a hyperring and φe is the
canonical projection φe : R // R/λe
∗ . Define K(R) and De(R) as
follows:
K(R) := φe
−1(0
R/λe∗
) and De(R) := φe
−1(1
R/λe∗
).
Proposition 4.2. For a non-empty subset M of a hyperring R we
have:
(i) K(R) +M = M +K(R) = φe
−1(φe(M));
(ii) De(R) ·M ∪M ·De(R) ⊆ φe
−1(φe(M)).
Proof. (i) It is easy to see thatK(R)+M ⊆ φe
−1(φe(M)). Now suppose
that x ∈ φe
−1(φe(M)), so there exists m ∈M , such that φe(x) = φe(m)
and hence λ∗e(x) = λ
∗
e(m). Since (R,+) is a hypergroup, there exists
k ∈ R such that x ∈ k + m and so x ∈ λ∗e(k) + λ
∗
e(m). Therefore
λ∗e(x) = λ
∗
e(k) ⊕ λ
∗
e(m) and since (R/λe
∗,⊕) is a group, we obtain
λ∗e(k) = 0R/λe∗ and hence k ∈ K(R). Thus φe
−1(φe(M)) ⊆ K(R) +M .
(ii) Since λ∗e(e) = 1R/λe∗ , for every x ∈ De(R) ·M we have λ
∗
e(x) =
λ∗e(m) for some m ∈ M and hence x ∈ φe
−1(φe(M)). Thus De(R) ·
M ⊆ φe
−1(φe(M)). 
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Definition 4.3. A hyperring R is called λe-strong hyperring, when-
ever:
(i) for all x, y ∈ R if xλ∗ey, then xe ∩ ye 6= ∅ and ex ∩ ey 6= ∅;
(ii) {e} is an invertible in the semi-hypergroup (R, ·).
Proposition 4.4. For a non-empty subset M of a λe-strong hyperring
R we have:
(i) M ·De(R) = De(R) ·M = φe
−1(φe(M));
(ii) M is a λe-part if and only if φe
−1(φe(M)) =M .
Proof. (i) By Proposition 4.2 it is enough to prove that
φe
−1(φe(M)) ⊆ M ·De(R) ∩De(R) ·M.
For every x ∈ φe
−1(φe(M)), an elementm ∈M exists such that φe(x) =
φe(m). Since R is a λe-strong hyperring, xe ∩me 6= ∅. So there exists
z ∈ xe∩me. Since {e} is invertible, we have x ∈ ze and hence x ∈ mee.
Therefore x ∈M ·De(R) ,because ee ⊆ De(R). Similarly we can prove
φ−1e (φe(M)) ⊆ De(R) ·M .
(ii) Suppose that M is a λe-part and x ∈ φ
−1
e (φe(M)) is given. Thus
there exists m ∈ M such that φe(x) = φe(m) and hence mλ
∗
ex, so
by Proposition 3.2 we have x ∈ M . Therefore φ−1e (φe(M)) ⊆ M .
It is obvious that M ⊆ φ−1e (φe(M)) and so φ
−1
e (φe(M)) = M . For
the proof of the sufficiency suppose that mλ∗ex and m ∈ M . Thus
φe(x) = φe(m) ∈ φe(M) and so x ∈ φ
−1
e (φe(M)) = M . Therefore by
Proposition 3.2 we have M is an λe-part of R. 
Theorem 4.5. If R is a λe-strong hyperring, then λe is transitive.
Proof. By Theorem 3.6, it is enough to show that for all x ∈ R, P (x) is
an λe-part of H . For this reason we prove that φ
−1
e (φe(P (x))) = P (x)
and by Proposition 4.4 we have P (x) is an λe-part of R.
Suppose that z ∈ φ−1e (φe(P (x))), so there exists k ∈ P (x) such that
φe(z) = φe(k) and hence λ
∗
e(z) = λ
∗
e(k). Since k ∈ P (x) by Lemma 3.4
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we have xλek. Thus λ
∗
e(k) = λ
∗
e(x) and so λ
∗
e(z) = λ
∗
e(x). Since R
is a λe-strong hyperring, we have xe ∩ ze 6= ∅ and hence there exists
s ∈ xe ∩ ze. Therefore x ∈ zee and z ∈ xee, because {e} is an
invertible and so z ∈ zeeee. Since (zee, zeeee) ∈ ℜe, we have xλez
and hence z ∈ P (x). So we prove that φ−1e (φe(P (x))) ⊆ P (x) it is
obvious P (x) ⊆ φ−1e (φe(P (x))). Therefore φ
−1
e (φe(P (x))) = P (x) and
the proof is complete. 
5. The relation Λ∗e and (Λe)n-complete hyperrings
Definition 5.1. Let R be a hyperring. Define relation Λe as follows:
Λe = λ
e
× ∪ α.
Obviously, the relation Λe is reflexive and symmetric. Let Λ
∗
e be the
transitive closure of Λe.
Theorem 5.2. Λ∗e is a strongly regular relation both on (R,+) and
(R, ·) and the quotient R/Λ∗e is a commutative ring with identity Λ
∗
e(e).
Proof. The proof follows from Proposition 1.4, Lemma 2.5 and Theo-
rem 2.8. Notice that commutativity follows from Theorem 1.2. 
Definition 5.3. A hyperring (R,+, .) is said to be unitary hyperring
if relating to the multiplication, (R, .) is a semi-hypergroup with scalar
identity e. The element e is called the unit of R.
Definition 5.4. A hyperring (R,+, .) is said to be (Λe)n-complete if
∀(k1, · · · , kn) ∈ N
n, ∀(xi1, · · ·xiki) ∈ R
ki, i = 1, · · ·n, then
Λe
( n∑
i=1
ki∏
j=1
x
ij
)
=
n∑
i=1
k′i∏
t=1
y
it
,
where
( n∑
i=1
ki∏
j=1
x
ij
,
n∑
i=1
k′i∏
t=1
y
it
)
∈ ℜen.
Corollary 5.5. If R is a unitary hyperring with unit e, then R is an
(Λe)n-complete hyperring if and only if R is an n-complete hyperring.
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Proof. Since (R, .) is a semi-hypergroup wit scalar identity e, then we
have Γ = Λe. 
Proposition 5.6. If (R,+, ·) is a (Λe)n-complete hyperring, then
(Λe)n = Λe.
Proof. Suppose that x Λe y thus there exists (A,B) ∈ ℜ
e such that
x ∈ A and y ∈ B. Without lose the generality suppose that
A =
m∑
i=1
ki∏
j=1
x
ij
and B =
m∑
i=1
k′i∏
t=1
y
it
.
If A and B satisfying in (1) of Definition 2.1, then the proof is obvious.
Now let A and B satisfying in (2) of Definition 2.1. If m6n, then by
Proposition 2.4 we have (λe×)m ⊆ (λ
e
×)n. If m > n since (R,+) is a
hypergroup, so there exists s ∈ R such that s ∈
m∑
i=n
ki∏
j=1
x
ij
. Put li :
def
=


ki, if 16i6n− 1;
1, if i = n.
and zij :
def
=


xij , if 16i6n− 1 and 16j6li;
s, if i = n
.
Therefore x ∈
n∑
i=1
li∏
j=1
z
ij
and since R is a (Λe)n-complete hyperring,
Λe(x) ⊆ Λe
( n∑
i=1
li∏
j=1
z
ij
)
=
n∑
i=1
l′i∏
j=1
z′
it
,
where
( n∑
i=1
li∏
j=1
z
ij
,
n∑
i=1
li∏
j=1
z
ij
)
∈ ℜen. By x Λe y we have y ∈ Λe(x) and
hence x (Λe)n y. 
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